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In this paper we will show that using the cosmological constant as a new thermodynamical state 
variable, the differential and integral mass formulas of the first law of thermodynamics for asymptotic 
flat spacetimes can be extended to (2+1) dimensional charged BTZ black holes and charged de Sitter 
space. 



INTRODUCTION 



o 

o . 

CS| . Bekenstein and Hawking showed that black holes have non-zero entropy and that they emit a thermal radiation 
that is proportional to its surface gravity at the horizon. These two quantities are related with the mass through the 
identity 



dM = TdS, (1) 
that is called the first law of hoick hole thermodynamics^, Q.But when the black hole has other properties as 



Q^. angular momentum J and electric charge Q, the first law is generalized to 



dM = TdS + rid J + <^dQ, (2) 

where fl = ^j- is the angular velocity and = is the electric potential. The corresponding integral Bekenstein- 
\^ ' Smarr mass formula, and is given by 



Gauntlett et. al.Q have proved that both, the differential and integral expressions, hold for asyniptotically flat 
I spacetimes with any dimension D > A . For rotating black holes in anti-deSitter spaces. Gibbons et. al.[(l| have shown 
that the differential expression hold for D > 4, but the integral expresion is not satisfied. To rectify this situation 
Caldarelli et. al. Q use a cosmological constant considered as a new thermodynamical variable, and recently, Wang 

■ et. al. use this idea to show that differential and integral expressions are valid also in (2 + 1) dimensions for BTZ 

■ black holes with angular momentum and Kerr-de Sitter spacetimes. 
In this paper we will consider the charged BTZ black hole in (2 + 1) dimensions to show that considering a 

cosmological constant as a thermodynamical state variable, both the differential and integral mass formulas of the 
first law cna be extended. 

II. THE FIRST LAW FOR THE CHARGED BTZ BLACK HOLE 

The charged BTZ black hole [ij is a solution of (2 + 1) dimensional gravity with a negative cosmological constant 
A = — jy. Its Hue element can be written as 

ds^ ^^Mt^ + ^ + r^dv\ (4) 
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where the lapse function is 



2 n2 

In , 
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(5) 



This solution has two horizons given by the condition A = 0. The mass of the black hole can be written in terms 
of the event horizon rn asj2| 

The Bekenstein-Hawking entropy associated with the black hole is twice the perimeter of the horizon, 



and therefore, the mass can be written as 



S = 4,TTrH, 



(7) 



(8) 



If we consider an invariable /, this expression let us calculate the surface gravity, temperature and electric potential 
for the black hole as 
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Varying the mass formula ([8]) we obtain the first law of black hole thermodynamics in differential form. 



(9) 
(10) 

(11) 



dM = TdS + ^dQ. 
But if we use equations (fTO| and ifTTj) , the mass formula can be written as 



(12) 



(13) 



that does not correspond to the Bekenstein-Smarr formula |(3]) with D = 3. Note that the product TS in this case 
does not vanish. 
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(14) 



except in the extremal case Q = ^y^. Otherwise, we can try to rectify this situation by considering the effect of a 
varying cosmological constant. 

When considering the cosmological constant as a new state variable, the first law in differential and integral forms 
must be corrected to be 



dM = TdS + ^dQ + Odl 
= TS + ei, 
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where Q is the generahzed force conjugate to the parameter /. This generalized force is given by 



e = 



e 
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All the thermodynamical quantities, including this last expression coincide with the reported results[l|, 



(15) 
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III. THE FIRST LAW FOR THE CHARGED DE SITTER SPACE 

Now we will turn our attention to the charged de Sitter space for wich we have a positive cosmological constant 
A = J2- , and a line element 



dr^ 



r^dcp'' 



where the lapse function is now 



(17) 



A = M 
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This time the ADM mass can be written in terms of the event horizon rn as 
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The Bekenstein-Hawking entropy associated with this event horizon is again 



(19) 



S = 4:TTrH, 



and therefore, the mass can be written now as 



(20) 
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Taking first an invariable /, this expression gives the surface gravity, temperature and electric potential. 



(21) 
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Varying the mass formula (|2T|) we obtain the first law in differential form, 



(22) 
(23) 
(24) 



dM = TdS + <PdQ. 
And using the equations (|23| and l(24|) . we can write the mass formula as 



(25) 
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Af= ir5+i<i>Q-ig2, (26) 

that again does not correspond to the Bekenstein-Smarr general formula ^ with D — 3. This time the product TS 
is 



^ * - 16^2/2 + 2 " Z2 + 2 ' ^^^> 

and it is important to note that in this case it never vanishes. However, in order to generaHze the Bekenstein-Smarr 
formula to this case we will consider again the effect of a varying cosmological constant. 
Now, the first law in differential and integral forms must be corrected to be 



dM = TdS + ^dQ + edl 
= TS + OL 



where the generahzed force 9 is given by 
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IV. CONCLUSION 



By considering the cosmological constant as a new thermodynamical state variable, we have generalized the integral 
Bekenstein-Smarr mass formula to the cases of (2 -|- 1) dimensional charged BTZ black holes and charged de Sitter 
space, while the differential form of the first law is also appHcable in these cases. We also obtained the generalized 
force associated with the cosmological term and the correspondient mass formulas for these cases. It should be noted 
that this results can be applicable also in higher dimensional cases. 
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